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BY 

Liang-Chi Shen, Tai Tsun Wu and Ronold W .  P. King 

Division of Engineering a n d  Applied Physics  

Harvard University Cambridge, Massachusetts 

ABSTRACT 

A simple and quantitatively accurate  representation of the cu r ren t  

distribution in a dipole antenna is  derived. 

and a r e  found to  be in good agreement with the experiment when 

h Z  0. 15X. 

Numerical data a r e  given 



1. Introduction 

The problem of the thin dipole antenna, whether center-driven 

o r  asymmetr ical ly  driven, for antenna lengths that a r e  short ,  long, 

o r  infinitely long, has  a l ready been treated by many authors  [ 1 ] 4  131, 

Fo r  example, King-Middleton's iteration procedure [4] gives accura te  

input admittances;  the so-called three- term theory [ 121 provides 

simple expressions of  curren t  distributions on antennas l e s s  than a 

wavelength long; the Wiener-Hopf procedure [ 101 predicts  success -  

fully the behavior of longer dipole antennas; and i f  m o r e  accura te  

theoretical  data a r e  desired,  solving the problem numerically on a 

high-speed computer is  quite feasible now [ 113-[ 131. 

The purpose of this study i s  to give, for  pract ical  reasons,  a 

theory of the dipole antenna which can give a s imple yet accura te  

a legebraic  expression for  the current  distribution everywhere on 

the antenna even when antennas a r e  'not shor t  o r  a r e  asymmetr ical ly  

driven. 

less than 0. 15 wavelengths f rom either end and the antenna is not 

Such a n  expression is found provided the generator  is not 

too thick. Since the formula is simple and general ,  i t  is particu- 

l a r l y  useful in discussing the properties of antennas with multiple 

loadings o r  excitations o r  whenever a superposit ion of cur ren t  dis-  

tributions is needed, such as in the case of calculating the t ransient  

response of a dipole to a shor t  pulse applied at i ts  driving-point. 

These possibil i t ies a r e  being studied. 

and Sandler [14], tr igonometric functions a r e  used to represent  

Note that in the work of King 

cur ren ts  on long antennas. However, their  theory i s  specifically 

for  resonant dipoles that a r e  not excessively long. There  a r e  no 

such l imitations in the p re sen t  theory. 



To pave the way for  the simple theory, the cur ren t  on an 

An approximate infinitely long cylindrical  antenna is obtained. 

formula which involves a logarithmic t e r m  is found and is shown 

to be accurate  all along the antenna. Since the cur ren t  reflected 

at the end of a semi-infinite antenna behaves just like that on a n  

infinitely long antenna [8], the cur ren t  on a finite dipole may  be  

expressed  as the superposit ion of the outgoing and the reflected 

waves, both of which can be  represented i n  t e r m s  of a universal  

function - the  distribution function of the cur ren t  on a n  infinitely 

long antenna. 

compared with the experiment. 

is remarkably good. 

description of the mechanism of a dipole antenna which is shown 

to be analogous to a t ransmiss ion  line. 

tatively accurate  picture  of a dipole antenna can be drawn even 

when i t  is asymmetr ical ly  driven. 

The numerical  results for  this s imple  theory a r e  

It is shown that the agreement  

The good agreement  justifies a physical 

Thus a s imple  and quanti- 

2. Current  on an Infinitely Long Antenna 

The vector potential A(z) on a n  infinitely long tubular antenna 

- iwt driven by a delta-function source  e 6(z) located at z = 0 is 

OD 

A(z) ="/ 471 dz'I-(z')K(z - 2 ' )  

-OD 

where 

-2 - 



The geometry of the antenna is  shown in  Fig. la.  

the cur ren t  distribution, a i s  the radius of the antenna, k is the 

f ree-space  wave-number, and p is the f ree-space permeabili ty,  

In ( l) ,  I=(z) is 

0 

On the other hand, assuming that the dipole i s  perfectly con- 

ducting, the axial component of the electr ic  field vanishes q t  the 

sur face  of the antenna: 

Direct application of Four ie r  t ransform theory to (1) and 

(2) gives the cur ren t  on an infinitely long antenna. 

e is z 2ik 

'0 0 (k2 - c 2 ) K ( c )  
- d6 I J Z )  = - (3 )  

where z(S) = n i J  H ( l )  and Jo and HY) a r e  Bessel  functions with 
0 0  

arguments  (k  2 - C  2 Q  ) . The branch cuts a r e  shown i n  Fig. 2a together 

is the intrinsic impedance of the free-space.  
0' 60 

with the contour C 

If the contour C 

Fig. 2b, the cur ren t  distribution can be  expressed in a form which 

and the branch cuts a r e  deformed a s  shown in 
0 

is par t icular ly  convenient for  carrying out a numerical  integration. 

(4) 
aD -2 d F / a  -5% 1 e 

t J (t )Y (t ) R - a  2 2  k 
n = l  n 1 n o n n S O  

In (4), Jo, J1 and Y a r e  Bessel  functions with arguments  k a / G  

in the first integral  and k a / z  in the second integral ,  and tn is 

the n-th root of Jo(x) . 

0 

- 3 -  
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( a  ) Infinite antenna ( b )  Semi-infinite ,. . ,  antenna 

FIG. 1 INFINITE AND SEMI-INFINITE ANTENNAS 
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FIG. 2 THE BRANCH CUTS AND CONTOURS ON 5 -  PLANE 



The results of a numerical  integration of (4) for  different  

values of ka a r e  shown i n  Fig.  3.  

suppressed to reveal the traveling-wave nature  of the cur ren t  on 

the antenna. The phase of the current ,  when the suppressed e - 
factor is taken into account, i s  seen to be very close to a pure  

traveling-wave even when kz  is small. 

that the effect of the generator is localized. 

very useful to  explain the final conclusion of this study that the 

cur ren t  o n a  finite dipole can be represented by outgoing and r e -  

flected waves even when the length of the dipole is not very long. 

Note that the eikz factor has been 

ikz 

In other words,  it is seen 

This observation is 

Since I=(z) plays a very important role in the present  theory, 

it is necessary to find a s imple  representation for  it. 

purpose, the contour C 

Suppose that kz is not too small so that the contribution t o  the 

integral  comes from nea r  (, = k, Ia,(z) can  be approximated by the 

following int e g r  a1 . 

F o r  this 

is deformed into C2 as shown in Fig. 2c. 
0 

1 
3 2Cw -1ogq t i  -n 2 

ieikz J' e - 2 k ~ q  rl 
I&) 3t - 

5 o  0 

- 2c -1ogq-i- 1 .] drl 
W 2 

and y = 0. 57721 566. Due to the exponen- 1 
where Cw = l o g ( g )  - y ,  

tial factor, the l imit  of the integration can be "cut off" to some 

number D' which i s  approximately e'y ( see  Appendix). 

-6 - 
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D' 

1 - 
.7l 2c W - 1 o g q - 1 z  

The integral of (6) can be ca r r i ed  out t o  get 

' 3  1 2n i ikz i e  

2Cw t log 2kz t v t  i TT 
( 7 )  

( for  l a rge  kz; s e e  (9)  for  general  ca se )  

The input conductance of the infinitely long antenna is known 

for small ka [ l o ]  t o  be approximately 

2 

1 

( Cw -log 2 t ri) 

In o rde r  to obtain a formula f o r  I,(z) which is good even for  

small  kz, the t e r m  log 2kz in (7)  is changed to  

The constant Dtf is determined by requiring that when kz = 0, the 

real par t  of lm(0) as given by ( 7 )  and G, as given by (8) a r e  not to 

in the limit that ka  approaches ze ro .  differ by m o r e  than - 3 

If this is done, Dtl is found to  be equal to e'2v. 

I,(z) can be expressed a s  

1 

(CW) 

Thus for all kz,  

I 



-1 50 ikz [ 2Cw +log(kz t /-n) + y t i  2 3 n 
- ie  271 i 

IJZ)  = - log 1 0 -  

( 9 )  

The above equation can be thought of as an  interpolating formula 

between (7)  and (8). To i l lustrate the accuracy, numerical  data 

f r o m  (9) a r e  plotted i n  Fig. 3 together with the exact values. Jt 

can be seen that (9)  remains i n  excellent agreement  with the exact 

value until kz is l e s s  than unity where a discrepancy i n  the ima-  

ginary pa r t  begins to appear;  the real  par t  is good to the driving- 

point . 

3 .  Reflected Current  a t  the End of a Semi-infinite Antenna 

Fig. l b  shows the geometry of a semi-infinite antenna and 

A generator with voltage V is located at the coordinate system. 

z = 1. 

to go  t o  infinity so that the amplitude of the incident cur ren t  i s  

unity, that i s ,  

To simplify the problem, eventually P and V will be allowed 

Ii nc -ikz 
( z )  = e 

This problem was studied by Hallen [8]. 

If the conductor of the semi-infinite antenna existed for  z < 0 

( s e e  Fig. lb) ,  the cur ren t  would be Im(z - 1) which sat isf ies  the 

following equation 

1;; t I,') /- I=(z' - P)€$(z - z ' )dz '  = --- 47rik V6(z - P) 
50 

-OD 

for all z 

- 9 -  
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Since the conductor is  not there ,  let  the sca t te red  cur ren t  be i (z ) ,  then L 

i( z)  = -Im(z - 1) for z <  0 (1 2) 

and 

' (5 t k 2 )  [ [Im(z' - 1) t i(z ')]K(z - z')dz'  
-m 

Comparing ( 1 3 )  with ( 1  l ) ,  the following equation is obtained 

1 t m  

[ 4 t k 2 )  
i (z ' )K(z - z ' )dz '  = 0 for z > 0 (14) 

-m 

In other  words, 

i (z ' )K(z - z ' )dz '  = Ce ikz for  z > o (1 5) 
-m 

where C is a constant. Define 

z > o  

z <  0 

,ikz 

i(z')K(z - z')dz'  = 

-m 

0 

-m 

-10- 



Apply Four ie r  transformations on both sides of (16), to  obtain 

The kernel  K(Q is split into two fractions, 

K(6) = Z-(C ) I - 

where 

so that zt(c) and 

the 6 -plane, respectively. Note that 

( C )  a r e  analytic in the upper and lower half of - 

Substitute (22)  into (21) and re-arrange te rms .  

equation is obtained 

The following 

At this point the s implification is introduced that V + 

that (10) holds. Thus 

and P -+ SO 

(24)  2 2 -  
= iC(k +C)L,(C) + G+(C)(k - 6  )L+([) 

The left-hand s ide of (24) is analytic in the lower  C -plane and the 

right-hand s ide is analytic in the upper 5-qlane. 

an  ent i re  function which is  found to be a constant due to the behavior 

at infinity. Thus 

They both equal 

-11- 



Let 6 = -k, B i s  found to be 

B = -2ikL (-k).  - 
Therefore the Four i e r  t ransform of the reflected cu r ren t  is found: 

For  z > 0, a f te r  applying Four ie r  t ransform theory to  (25) ,  

fo r  z > 0 (2  6 )  

If C i s  deformed as shown in Fig. 2c, and for  kz not too small, 

the contribution to the integral  of (26)  comes mainly from nea r  

0 

6 = k so that 

Note that he re  relations (22 )  and (23a) have been 

(27) with (3 )  gives 

i ( z )  = -RIm(z )  for  la rge  kz 

d5 (27) 

used. Comparing 

(28) 

where R = (k) [L,(k)]-'. The approximate value of [Ct(k)12 can be 

shown to be 

2 1  1 
P + ( k ) l  = z C w t i -  71 

2 

What (28) means is that, when away f rom the end, the reflected cu r -  

rent distribution behaves just  like that of the cu r ren t  on an  infinitely 

long antenna dr iven by a fic.titious genera tor  of voltage - R  located 

a t  the point of reflection. 

-12 -  



4. Current  on a Center-driven Dipole Antenna 

The foregoing analysis suggests that the cur ren t  on a finite centerv 

dr iven antenna may be expressed as the superposit ion of the outgoing 

wave, which is I,?(z), and the reflected waves, which are proportisnal 

t o  I,?(h t z) and Each - z )  respectively. That is, 

I(z)  = Ia(z) t CR[I , (h+2)  + Ioo(h-z)]  (30) 

The s imples t  way to determine the constant C 

p = 0, because the left-hand s ide of (30) is the  admit tance af a center-  

is to evaluate (30) at R 

driven antenna and is well-tabulated. The constant which is found 

this way is 

Y - Y  
‘R1 = &  9 

where Y is the admit tance obtained by any other  accurate theory. 

The second method to  determine C 

as follows: Assume the reflection coefficient R(1)  at the end of an  

is independent of other  theories  R 

antenna to  be a slowly varying function of the pa rame te r  P (the die- 

tance between the generator  and the reflecting end) so that  the 

l imiting values of R a s  P goes to infinity (as obtained in  the previsue 

sect ion)  can be used universally for all P. Then frorri ( S O ) ,  the inci. 

dent cu r ren t  at e = -h is  known to  be IW(h) t CRIm(2h); the amplitude 

of the reflected wave is CR. Thus 

P 

bR -R = 
I ,? (h) t C,I,?(Zh) (32) 

-s ince -R is the amplitude of the re d ected wave due t9 unit incident 

wave, 

found that 

Solving (32) f o r  CR and denoting the value as CR2, it is 

-13- 



-RI (h) 

Note that (31) can a l so  be writ ten in the same  form as (33) with the 

r e  fl e c ti o n c oe f f i c i en t It define d by 

Needless to say, R(h) is now a function of h. Fig. 4 shows numeri-  

cal values of R(h) when the King-Middleton admittance 11.51 and the 

admittance calculated from the long antenna theory [ l o ]  a r e  substituted 

into (31a). It is  observkd that i f  the admittance from the long antenna 

theory is  used, R(h) is virtually a constant, while i f  the admittance 

f rom [ 151 is  used ,  R(h) begins to deviate fTom the constant value 

only when h is  decreased fur ther  than 0 .  15X. 

difference in  the numerical  value whether C 

o r  (33). 

Thus i t  makes l i t t le 

is determined by (31) R 

Hereafter,  (33) is used. 

The following equations a r e  presented as a summary  of the 

for egoing di s cus si  on: 

g h) 
I ( 2 )  = I-(Z) - -  [ I m ( h t z ) t I  ( h - z ) ]  

1 W 

+ I  (2h) K -  

and 
1 - n  1 where - - - 

50 CW+"Z i 

similar to those obtained by 

Im(z) is given by (9).  (34a) and (34b) a r e  

Chen and Kel ler  [16] except for  a factor 

2 in (34b). 

and therefore (34a) and (34b) a r e  valid everywhere on the antenna. 

However, h e r e  the formula f o r  Im(z) i s  good f o r  all z 

- 14- 
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The input admittance and the cur ren t  distribution calculated 

f rom (34a, b) a r e  plotted in Figs.  5 and 6 together with experimental  

data which are  obtained from works of Mack1171 and Chen [ 181. 

experimental  data for cur ren t  distribution obtained by Mack a r e  

normalized at the driving-point while those obtained by Chen a r e  

normalized at  quarter-wavelength f rom the end of the antenna. 

that in Chen’s set-up the antenna was supported by a polyfoam slab.  

The agreement between present  theory and experiment is seen  to be 

The 

Note 

remarkably good. 

mental  difficulty of absolute’measurements  and in cases  of long 

antennas ( F i g ,  6(f), (g)), as pointed out by Chen, the presence  of the  

polyfoam is responsible for a small increase  of the effective length 

of the antenna. 

Some of the discrepancy may be due to  the experi-  

5. Current  on an Asymmetrically Driven Antenna 

Let the coordinate be chosen s o  that the ends of the antenna are  

at z = -hl and z = h 

rent is represented by out-going and reflected waves just as in 

and the driving-point is a t  z = 0. The cu r -  2’ 

Section 4, except that in the present  ca se  the amplitudes of the 

reflected cur ren ts  a r e  not equal. 

I (z)  = I-(z) t CdI (hl tz) t C I (hz - Z) ( 3  5) 
co U =  

It is assumed that the reflection coefficient is very insensit ive to  

the distance between the generator  and the reflecting end. This 

assumption has been justified in the sense  discussed in  the p r e -  

vious section. 

Ia(hl) t CuIco(hl t h 2 )  while that of the ref lected wave is Cd, thus 

The amplitude of the incident wave at z = -hl  is 

-16- 
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(d )  h = 0.623X 

FIG. 6 CURRENT DISTRIBUTIONS 



6- - THEORY 
o/X=0.0099 z 1 EXPERIMENT (CHEN) 

3 
I I I I I I I I I I 

4 6 8 12 14 16 18 20 22 
lo C-, 2 0 

6 

E 

I I I  

4 

- n L  

I I I I I 1 I I I I I 1 

'hose 

100" 

xx)" 

too" 

iw 

100" 

200" 

0" 

12400O 

i 



I I I I I I I I I I 

THEORY - 
- 1200" 

Phase 
1OOO" 

2.6 

2.4 : :] EXPERIMENT (CHEN) 

2.2 

2.0 

1.8 

3 1.6 

5 1.4- X I  

I11 
800" 

600" 

400" 

- 200" 

I I I I I I 1 I I I 0" 8 IO 14 I6 18 x) 22 
l2 k z  

- .- 

- 1.2 

1 .o 
0.8 

0.6 

0.4 

5 

- 

6: 2 4 6 

FIG. 6 (g) GURRENT DISTRIBUTIONS h = 7.5X 



-R = 
n h l )  t C I (hl t h 2 )  
W uw 

2' Similarly at z = h 

C 

Solving (36) and (37): 

where R is  given by (34) and Iw(z) is given by (9). 

In Fig. 5 i t  is observed that the admittance of a symmetr ical ly-  

driven antenna calculated by p resen t  theory ag rees  with experiment 

when h is g rea t e r  than 0.151. 

to the present  theory,  then in the asymmetr ical ly-dr iven case ,  

If this length is accepted as a l imit  

(35) should be good when the generator  is no less than 0. 15X away 

f rom ei ther  end of t he  antenna. 

6. Conclusions 

The foregoing discussion seems  to  support  the following 

picture  of a dipole antenna, 

is generated along the dipole antenna when it is driven by a time- 

harmonic source .  

a speed almost  equal to the speed of light and decays slowly in a 

manner  described by (9) as a resul t  of radiation. 

An outgoing traveling-wave of cu r ren t  

It t rave ls  along the two arms of the dipole with 

It is reflected at  

-22 - 
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the ends of the dipole with the reflection coefficient given by (34). 

After i t  is  reflected, the current  wave t ravels  in  the opposite 

direction with the same  speed and decays in the same manner as 

before. The current  distribution on the antenna is just  the result 

of the superposition of the outgoing current  wave and all the re- 

flected waves. This description of the cur ren t  along a dipole 

antenna is analogous to that for a lossless  transmittion-line, foy  

which the traveling-wave of current  does not decay. This quali- 

tative picture i s ,  of course,  not new [5]; the main point of the p re -  

sent paper  is  that quantitatively accurate  resul ts  a r e  obtained when 

a good approximation of the current  in an infinite antenna is used. 

Numerical resul ts  a r e  quite accurate  when h Z 0. 15X. 

Appendix 

In this appendix an  approximation to the following integral i s  

demonstrated. 

( 2 7 )  f r o m  (26) 

This approximating method is used in deriving 

where f (q)  is slowly varying and is z e r o  a t  q = 0 so that the integral 

is well-defined. I is to be approximated by the following integral 

dq f(n) 
7 

0 

The task  is to find D'. 

- 2 3 -  



This problem is  approximately equivalent t o  determining the 

constant D in the following equation 

(A3) is equivalent to 

Since 
a0 

- Y = j ( e  - t  - - ) -  ' 1 d t  
l t t  t 

0 

( see  p.  17, Higher Transcendental  Functions, Vol. I, by Erdelyi, 

McGraw-Hill Book Co. ), substituting (A4) in (A5) yields 

-7 = log D 

-Y o r  D = e  . 

This is  an  exact solution. If f(q) is slowly varying, i t  should be 

a good approximation to le t  D' = D = e - Y  . 

-24- 
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